Introduction {#Sec1}
============

Wiles' remarkable proof of Fermat's Last Theorem inspired mathematicians to attack the Fermat equation over number fields via elliptic curves and modularity. Successful attempts over totally real quadratic fields had been carried out by Jarvis and Meekin \[[@CR20]\], Freitas and Siksek \[[@CR11], [@CR12]\] and they rely on progress in modularity over totally real fields due to work of Barnett--Lamb, Breuil, Diamond, Gee, Geraghty, Kisin, Skinner, Taylor, Wiles and others. In particular, modularity of elliptic curves over real quadratic fields was proved by Freitas et al. \[[@CR13]\].

On the other hand, modularity of elliptic curves over number fields with complex embeddings is highly conjectural. For general number fields, Şengün and Siksek \[[@CR27]\] proved an asymptotic version of Fermat's Last Theorem, under the assumption of two standard, but very deep conjectures in the Langlands programme. They prove that for a number field *K*,  satisfying some special properties, there exists a constant $\documentclass[12pt]{minimal}
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The present work follows the skeleton of their article. Specialising to the fields $\documentclass[12pt]{minimal}
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                \begin{document}$$B_K.$$\end{document}$ Combining this with previous work on the Fermat equation over number fields, was sufficient to derive Theorem [1.1](#FPar1){ref-type="sec"} below. Şengün and Siksek \[[@CR27], Conjecture 4.1\] is known to hold for base-change newforms via the theory of base change functoriality, therefore we obtain a result that is dependant only on Serre's modularity conjecture (see Conjecture [2.1](#FPar3){ref-type="sec"}).

Throughout this paper, given a number field *K*,  we are going to denote by $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {Q}}$$\end{document}$ are just reductions of complex eigenforms. This is not the case if *K* is imaginary quadratic, but Şengün and Siksek \[[@CR27]\] managed to circumvent this difficulty by assuming that the prime *p* is large enough. Unfortunately this step makes their result ineffective. For our choices of *K*,  we made this step effective by computing the torsion in certain cohomology groups using an algorithm of Şengün. This allowed us to lift the mod *p* eigenforms to complex ones.A complex weight 2 newform over *K* with rational eigenvalues corresponds conjecturally to an elliptic curve or a fake elliptic curve defined over *K* (see \[[@CR27]\]). The theory of base change functoriality shows that this conjecture holds for the newforms that are base-change lifts of classical newforms. By explicit computation we find that all the newforms that we need to deal with are base-change lifts.Our results assume a version of Serre's modularity conjecture (see Conjecture [2.1](#FPar3){ref-type="sec"}) for odd, irreducible, continuous 2-dimensional mod *p* representations of $\documentclass[12pt]{minimal}
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From now on, we restrict ourselves to $\documentclass[12pt]{minimal}
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One reason is that we had to carry out some explicit computations in the cohomology groups of locally symmetric spaces (see Sect. [2](#Sec2){ref-type="sec"}) that were much simpler when the field had class number 1.

To carry out our argument and prove that there are no solutions to Fermat's equation, we had to prove that Galois representations associated to Frey curves are absolutely irreducible. In doing so, we made use of the fact that *K* has primes of residual degree 1 above 2 so we end up with the three number fields above. On top of that, one should be aware of the existence of solutions $\documentclass[12pt]{minimal}
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Theorem 1.1 {#FPar1}
-----------

Assume Conjecture [2.1](#FPar3){ref-type="sec"} holds for *K*. If $\documentclass[12pt]{minimal}
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Work is in progress to prove similar statements to Theorem [1.1](#FPar1){ref-type="sec"} for the other imaginary quadratic fields of class number one, but in those cases at the moment we are just able to prove that there are no solutions to ([1.1](#Equ1){ref-type=""}) such that *Norm*(*abc*) is even. We also hope to extend the methods to prove similar statements for other quadratic imaginary fields of non-trivial class number in the spirit of \[[@CR11]\].

Corollary 1.2 {#FPar2}
-------------

Assume Conjecture [2.1](#FPar3){ref-type="sec"} holds for $\documentclass[12pt]{minimal}
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The reader might now legitimately ask themselves why we were only able to derive this corollary for the case $\documentclass[12pt]{minimal}
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Hao and Parry \[[@CR18]\] also worked on Fermat's equation over quadratic fields and one of their results \[[@CR18], Theorem 4\] can be used to complete the remaining cases $\documentclass[12pt]{minimal}
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It is worth pointing out that if one knows that none of the equations $\documentclass[12pt]{minimal}
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The exposition in this section follows closely along the lines of \[[@CR21], [@CR27]\]. A celebrated theorem of Khare and Wintenberger connects certain 2-dimensional continuous representations of $\documentclass[12pt]{minimal}
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Throughout this section *K* is an imaginary quadratic field of class number 1. Let $\documentclass[12pt]{minimal}
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Since everything happens in degrees 1,  2 and the non-trivial parts of the corresponding Hecke algebras are isomorphic, we are going to forget about the upper script *i* and write $\documentclass[12pt]{minimal}
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It is discussed in \[[@CR8]\] how, via the Eichler--Shimura--Harder isomorphism, Bianchi modular forms can be analytically interpreted as vector valued real-analytic functions on the hyperbolic 3-space. We are going to be using this point of view in our examination of the Mellin transform of a Bianchi modular form in Sect. [5](#Sec5){ref-type="sec"}.
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In the above, the presence of *p*-torsion in $\documentclass[12pt]{minimal}
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                \begin{document}$$H^2(Y_0({\mathfrak {N}}),\, {\mathbb {Z}})$$\end{document}$ is the obstruction to surjectivity in the reduction map. The existence of an eigenform (complex or mod *p*) is equivalent to the existence of a class in the corresponding cohomology group that is a simultaneous eigenvector for the Hecke operators such that its eigenvalues match the values of the eigenform. With this interpretation, we can deduce that every mod *p* eigenform of degree 1 lifts to a complex one when $\documentclass[12pt]{minimal}
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We will be using a special case of Serre's modularity conjecture over number fields. In his landmark paper \[[@CR29]\], Serre conjectured that all absolutely irreducible, odd mod *p* Galois representation of $\documentclass[12pt]{minimal}
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Conjecture 2.1 {#FPar3}
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Remark 2.2 {#FPar4}
----------

When stated for more general number fields, this conjecture restricts to odd representations. A representation is odd if the determinant of every complex conjugation is $\documentclass[12pt]{minimal}
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Although it is conjecturally easy to predict the level $\documentclass[12pt]{minimal}
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Fermat equation with exponent *p* and the Frey curve {#Sec3}
====================================================
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Lemma 3.1 {#FPar5}
---------
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-----
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-----
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We have used above the following class field theory lemma. We do not include a proof here since that would be mutatis mutandis, just a specialisation of \[[@CR9], Proposition 2.4\].

Lemma 4.3 {#FPar11}
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Remark 4.4 {#FPar12}
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We obtain the following corollary, which implies absolute irreducibility.

Corollary 4.5 {#FPar13}
-------------
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Proof {#FPar14}
-----
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Applying Serre's conjecture {#Sec5}
===========================

We are now making use of the Conjecture [2.1](#FPar3){ref-type="sec"}. This predicts the existence of a mod *p* eigenform $\documentclass[12pt]{minimal}
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The trace elements $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Tr(\overline{\rho }({{\mathrm{Frob}}}_{(\pi )}) )$$\end{document}$ lie in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {F}}_p,$$\end{document}$ therefore $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi $$\end{document}$ corresponds to a class in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^1(Y_0({\mathcal {N}}),\, {\mathbb {F}}_p)$$\end{document}$ that is an eigenvector for all such Hecke operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{\pi }.$$\end{document}$

As previously described, the obstruction in lifting such mod *p* eigenforms to complex eigenforms is given by the presence of *p*-torsion in $\documentclass[12pt]{minimal}
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Using the Magma implementation, kindly provided to us by Haluk Şengün, of his algorithm in \[[@CR26]\] we computed the abelianizations $\documentclass[12pt]{minimal}
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Since there are no eigenforms at the predicted levels for $\documentclass[12pt]{minimal}
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At the moment of writing this preprint LMFDB \[[@CR25]\] did not include a database for Bianchi modular forms, so the author computed the eigenvalues independently using the available Magma packages. The results match perfectly with the ones that were since then made available in the LMFDB by John Cremona.

In the spirit of Langland's philosophy, there should be a motif attached to the cuspidal newforms above. This motif is not always an elliptic curve, as one can see in \[[@CR7], Theorem 5\] and \[[@CR12], Sect. 4\]. We prove Theorem [1.1](#FPar1){ref-type="sec"} here by first proving that these newforms correspond to elliptic curves, but as the referees pointed out, one could finish now the proof of this theorem via the following remark.

Remark 5.1 {#FPar15}
----------

The Bianchi newforms above do not depend on the exponent *p* nor on the unknown solution $\documentclass[12pt]{minimal}
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Lemma 5.2 {#FPar16}
---------
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Proof {#FPar17}
-----

We only have to prove the statement about the norm of level of *F* and this is a relatively easy exercise which makes use of the functional equations.
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We should remind the reader that when we say that an elliptic curve corresponds to a newform both classical or over *K*,  we actually mean that they have matching *L*-functions.
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